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ABSTRACT: A data-driven, interacting-defect model for inhomogeneous systems has
quantitatively described the nanoscopic composition of high solute concentrations at
grain boundaries in ion-conducting ceramics. The data-driven Cahn−Hilliard model was
applied to high-spatial-resolution composition data gathered at grain boundaries in
calcium-doped ceria. The statistical methodology for the data-driven procedure shows
definitively that an inhomogeneous thermodynamics approach (gradient terms) is
required to quantitatively describe the local grain boundary composition. The model
additionally shows coaccumulation of negatively charged acceptor dopants and positively
charged oxygen vacancies at the interface, which is qualitatively in accordance with atom probe tomography evidence in acceptor-
doped ceria. The reported model is the first to quantitatively explain microscopic experiments in ion-conducting ceramics.

■ INTRODUCTION
Electroceramics are of great technological importance due to
their role in applications such as solid oxide fuel cells,1

electrolyzers,2 solid-state batteries,3 sensors,4 mechanical
actuators,5 and next-generation electronic applications such
as resistive switching memory.6 The properties of these
materials are generally determined by interfaces (especially
grain boundaries) and surfaces, in the vicinity of whichin the
so-called “space-charge” zonethe concentrations of chemi-
cally active, charge-carrying species (point defects) can differ
significantly from the bulk crystal due to thermodynamically
driven accumulation or depletion.7,8 Despite the importance of
this phenomenon, no consensus has emerged on a quantitative
model framework for space-charge zones in materials with
nondilute concentrations of charged defects9−12 (approx-
imately greater than 1% site occupancy13), a category that
encompasses a majority of ion conductors of technological
interest. The multiscale nature of the space-charge phenom-
enon (in which a nanoscopic interface region exists in
equilibrium with a macroscopic bulk phase) means that
continuum models are necessary to properly describe the
thermodynamics outside of exclusively nanoscale situations.
Moreover, if we are to leverage our thermodynamic under-
standing/interpretation of interfacial properties to realistic
polycrystalline materials comprising many (hundreds to tens-
of-thousands) interface types and/or variants, computationally
efficient models will be required. Such models will be critical to
interpreting high-throughput experimental measurements and
fully utilizing correlated multiscale data acquisition methods
focused on probing statistically significant numbers of grain
boundaries.14

Until recently, the only quantitative continuum treatments
available have been models based on the Poisson−Boltzmann
(PB) approximation, as introduced by Gouy.15 The PB

approximation holds absolutely in the limit of infinite dilution,
and PB-based “space-charge” theories have successfully
described interfacial and grain boundary conductivity in dilute
ionic conductors. There are two principal variants: the “Gouy−
Chapman” model allows for nonuniform concentrations of all
charge carriers, while the “Mott−Schottky” formulation
assumes that one or more charge carriers are fixed and
spatially uniform in concentration.
While Mott−Schottky and Gouy−Chapman models have

been highly successful for dilute-solution electroceramics, there
is a growing body of experimental evidence16−25 and
theoretical predictions22,26 that confirm defect concentrations
at GBs which exceed the range of validity of the dilute-solution
assumption. These observations are not surprising considering
the typical temperatures employed for ceramic processing.
There is a strong driving force for solute segregation to reduce
the overall system energy due to cation size mismatch,
electrostatic forces (i.e., GB core charge neutralization), and
reduction in the GB energy.9,16,21,27,28 The ionic conductivity
behavior of GBs with high solute concentration is often quite
different from the predictions of the dilute solute models.14,29

A recent example is Ca-doped CeO2; there the GB
conductivity increased by 4 orders of magnitude when the
GB Ca molar concentration increased from 20 to 40%,29

contradicting dilute-case space-charge models, which predict
vanishing space-charge regions at concentrations well below
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20%. PB models are nonetheless frequently employed to
interpret macroscopic measurements (such as conductivity) in
concentrated systems.21,30−34

To move beyond dilute-solution models, treatment based on
the Cahn−Hilliard theory35 of inhomogeneous systemsthe
“Poisson−Cahn” (PC) theory, introduced in 20159,36
quantitatively replicated macroscopic conductivity data while
qualitatively replicating microscopic observations in concen-
trated systems. A subsequent study showed quantitative
agreement with X-ray photoelectron spectroscopy measure-
ments of surface defect concentrations in acceptor-doped
ceria,37 but until now, no continuum model had shown
quantitative correspondence with microscopic measurements
of defect concentrations as a function of distance from a
surface or interfaced in a concentrated solid solution.
This article reports the first continuum model to achieve

such quantitative correspondence to microscopic observations
of defect concentration profiles in the immediate vicinity of a
grain boundary. A Bayesian data-driven model-building
method was used to construct the functional form of the
excess, inhomogeneous free energy directly from the micro-
scope data. The microscopic data set was obtained from
numerous measurements made on grain boundaries in
calcium-doped ceria using electron-energy loss spectroscopy
(EELS) in an aberration-corrected scanning transmission
electron microscope (STEM).
The work shows, in a statistically rigorous manner, that the

space-charge model must utilize thermodynamic models for
inhomogeneous systems to successfully replicate the micro-
scopic data set. The data-derived model additionally shows
coaccumulation of oppositely charged defects (calcium dopant
cations and oxygen vacancies) in the space-charge zone,
qualitatively replicating a surprising observation recently made
in neodymium-doped ceria with atom probe tomography.25

The application of the data-driven approach to the
experimental data set is effectively a measurement of the
inhomogeneous excess free energy of the system.

■ COMPUTATIONAL METHODS

Physical Model. The basis of the physical model is the
formulation for the free energy functional

∫ ∫φ η

ρ φ φ

[ ] = Φ ∂ ∂ + { ∇ ∇

+ [ + + −

− + − − ]

+ − ϵ|∇ | }
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where Ω is a domain corresponding to the electrolyte system
with ∂Ω its boundary at the interface; y and v are functions
defined on Ω quantifying site fractions of ionized acceptor
dopants and oxygen vacancies, respectively; Φ is a function
describing the interfacial thermodynamics in terms of the
boundary concentrations of y and v; n is a site density; ρ is a
charge density; φ is the electrostatic potential; ϵ is the
permittivity; and η is the interaction term (or “excess free
energy”) of the inhomogeneous system.
Minimization of the free energy functional is subject to the

constraint of the conservation of mass in the system as shown
in equations3

∫ − ̅ =
Ω

v v( ) 0
(2)

∫ − ̅ =
Ω

y y( ) 0
(3)

where y̅ and v̅ are the average dopant and vacancy site fraction
in the material. These constraints are added to the function
using Lagrange multiplier λy and λv. The resulting Euler−
Lagrange equations are given in the Supporting Information.
The model considers dopant cations and oxygen vacancies

as the sole defects in the system. The solution of the model
equations yields defect profiles as a function of distance from
the interface for defect concentrations and electrostatic
potential.

Data-Driven Model Building. The vehicle for data-driven
model building in framework 1 is the inhomogeneous excess
free energy function η. This function is written in formal in
terms of Gaussian process (GP) stochastic functions of the
BSS-one-way analysis of variance (ANOVA) form38,39

η δ δ δ∇ ∇ = + |∇ | + |∇ |y v y v y v y y v v( , , , ) ( , ) ( ) ( )cy cv
2 2

(4)

where the δ terms are BSS-ANOVA GPs. Each of the GPs is
first decomposed into terms corresponding to the effects of
each input, individually then as pairs of twoi.e., main effects
and two-way interactions, physically corresponding to self-
interactions (dopant−dopant or vacancy−vacancy) and cross-
interactions (dopant-vacancy). Terms for each interaction are
then decomposed in a Karhunen−Loev́e expansion
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where the orthogonal basis functions ϕ are nonparametric,
spectral, and ordered. GPs of the BSS-ANOVA type support a
very broad space of functions,38 allowing great flexibility for the
data-driven determination of the form of the excess free energy
function.
The ANOVA decomposition along with the orthogonal and

ordered nature of the basis functions in the BSS-ANOVA GP
makes possible a data-directed model-building approach, in
which a series of models pertaining to different truncations of
the expansions in eq 5 are calibrated in a Bayesian sense to a
data set. The ordered nature of the basis set facilitates this
process: higher-order functions have increased frequency and
decreased amplitude.38,39 The baseline model is representative
of the traditional Gouy−Chapman case, where no defect
interaction or gradient energy terms are considered. (This is
actually a variation of Gouy−Chapman with site exclusion
effects: defect concentrations are constrained to the concen-
tration of the corresponding sites at maximum.) With later
model versions, defect interactions and gradient energy terms
are systematically built into the model structure. Table 1 shows
explicitly the effects included in each model version: an X in
the corresponding parameter field means that one basis
function of the corresponding effect is incorporated into the
model, and XX means that two basis functions are
incorporated to describe the interaction.
The criterion used to select the optimum model is the

“Bayes factor,” which is a rigorous statistical metric.40 Bayes
factors balance model fidelity to the data with model
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complexitygenerally speaking, the simplest model (i.e., the
model with the least number of terms in the GP) that fits the
data well will score the highest Bayes factor. The parameter
distributions for each model are obtained via Bayesian model
calibration41 using Markov chain Monte Carlo sampling,42

which yields for each model a joint probability density on the
space of the model parameters (called the “posterior
distribution”). See the Supporting Information for details on
Bayesian calibration and Bayes factors.

■ RESULTS
A total of 24 models were calibrated to high-spatial-resolution
compositional data using the EELS−STEM system (see
Supporting Information) gathered from calcium-doped ceria
samples with 2, 5, and 10% bulk solute concentration. These
experimental data included multiple line scan measurements
taken across grain boundaries in each sample and are
statistically representative of grain boundaries’ composition.29

A plot of log Bayes factors versus model number appears in
Figure 1. The data-selected model is the model for which the
Bayes factor achieves its maximum: model 22. This model
includes both local and gradient interaction terms for both
dopant cations and vacancies. The means and standard
deviations for each model parameter appear in Table 2.
Figure 2 shows model correspondence to the data for model

22 (b) and the baseline model 0 (a), which contains no defect
interactions and thus corresponds to a Gouy−Chapman
approach15 with site limitations. The figures were produced
by taking 50 samples from the posterior distribution for each
model and plotting each (translucent blue lines) on the same

figure with the experimental data (multiple-colored solid
lines).
Figure 3 shows calculations, using a draw of 50 profiles from

the posterior distribution, of the concentration of oxygen
vacancies as a function of distance from the grain boundary.
The model shows the accumulation of positively charged
vacancies at the interface, colocated with the accumulation of
negatively charged dopants within the space-charge region.
Figure 4 shows the electrostatic potential distribution for a

draw of 50 profiles from the posterior distribution for model
22. Space-charge potentials lie between approximately 0.4 and
0.5 V for each concentration studied, and show in each case a
crossover region of negative potential at a distance of
approximately 1 nm from the interface, indicating a region of
charge inversion (i.e., accumulation of positive as opposed to
negative charge) related to the coaccumulation of defects as
indicated in Figure 3. The fact that potential profiles are
relatively unchanged (certainly with respect to dilute-case
models) over the compositions studied is largely a con-
sequence of the coaccumulation of oppositely charged defects,
which keeps overall charge densities relatively stable. This in
turn is a reflection of the fact that in concentrated systems it is
chemical interactions more than electrostatic interactions that
govern space-charge structure.

■ DISCUSSION
Inverse Problems and Stochastic Phase-Field Meth-

odology. While first-principles approaches are critical to our
understanding of material fundamentals, there are still
significant limitations especially when dealing with complex
systems. Grain boundaries, nanoparticles, compositional
heterogeneities, and dynamic structural modifications are
examples where complexity makes it difficult or impractical
to describe the system exclusively using ab initio methods.
Moreover, many material quantities may not be easily directly
observable in experiments. The limitation may be addressed by
developing scientifically robust phenomenological approaches,
such as the PC-based models utilized in this study, that can be
quantitatively trained to experimental observations. Further-
more, the Bayesian approach to the model-based interpretation
of data enables the quantitative incorporation of ab initio
information in the analysis when it is available.43

Despite its early success, the PC method has been criticized
for its phenomenological naturefor example, Gregori et al.,
stated that the parameters appearing in the model formulation
of ref 9 “have not been derived from a fundamental theoretical
treatment, but adjusted as fit parameter[s] to match the
experimental dopant dependence of the bulk conductivity.”10

Most continuum approaches to thermodynamics beyond the

Table 1. Table of Model Structuresa

model
VO

••

segregation
CaCe″−
CaCe″

VO
••−

CaCe″
VO

••−
VO

••
CaCe″
gradient

VO
••

gradient

0 X
1 X X
2 X X
3 X X
4 X X X
5 X X X
6 X X X
7 X XX X X
8 X XX X XX
9 X X X XX
10 X X X
11 X X X
12 X X X X
13 X X X X
14 X X X X
15 X X X X
16 X X X X
17 X X X X X
18 X X X X X
19 X X X X X
20 X X X X X X
21 X XX X X
22 X XX X XX X X
23 X XX X XX XX XX
24 X XX XX XX XX XX

aEach X represents one basis function in the GP expansion for the
corresponding effect appearing in the excess free energy function.

Figure 1. Natural logarithms of the Bayes factor for model versions
0−24.
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strictly dilute are phenomenological of necessity, as closed-
form representations of the partition function are not available
except in a small number of cases. However, the fact that a
model is phenomenological does not mean that it is
unphysical: indeed, these free energy functions can be thought
of as measurements made from the experimental data, as
previously demonstrated.44

The use of models to interpret data sets to estimate physical
parameters has a long history in computational science; the
practice is usually described among applied mathematicians as

“inverse problems.”45−47 Practitioners of inverse problem
methodologies use sophisticated methods to quantitatively
answer questions using data that may have only an indirect
relationship to the parameters of interest. For instance, in the
present study, we make quantitative inferences about anion
concentrations, even though there is no direct anion data, since
oxygen vacancies and calcium dopants are correlated in the
free energy functional. Among inverse problem methodologies,
Bayesian inverse problems (also called “Bayesian calibration”)
have proven to be particularly powerful,48 since the Bayesian
perspective simplifies the process of quantifying uncertainty
regarding estimated model parameters: if there is insufficient

Table 2. Model Parameter Statisticsa,b

no × 105 (mol/m2) f y (eV) f yv (eV) f v(eV) cy(eV nm2) cv(eV nm2)

μ σ μ σ μ σ μ σ μ σ μ σ

2.02 0.05 0.55 0.25 −0.44 0.27 0.55 0.25 0.46 0.10 0.58 0.15
0.63 0.24 0.59 0.25

aSplit cells indicate that there are two terms in the expansion. bno is the number of oxygen sites in the core, *f y is the interaction energy of dopants,
f yv is the two-way interaction for oxygen vacancies and dopants, f v is the interaction energy for oxygen vacancies, cy is the gradient energy coefficient
for dopants, and cv is the gradient energy coefficient for oxygen vacancies.

Figure 2. Calibration results for (a) the baseline model and (b) the data-selected model. Each plot shows the site fraction of dopant Ca2+ ions as a
function of distance to the grain boundary for 2, 5, and 10% bulk calcium concentration. The colored curves represent experimental observations
and the group of blue transparent curves represents 50 profiles calculated via model evaluations using samples from the posterior distributions for
models 0 and 22.

Figure 3. Oxygen vacancy site fraction as a function of distance to the
grain boundary for 2, 5, and 10% bulk calcium concentration. The
group of curves represents 50 profiles calculated via model evaluations
using samples from the posterior distribution for model 22.

Figure 4. Electrostatic potential as a function of distance to the grain
boundary for 2, 5, and 10% bulk calcium concentration. The group of
curves represents 50 profiles calculated via model evaluations using
samples from the posterior distribution for model 22.
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information in the data to estimate model parameters, this will
be reflected in the corresponding joint posterior probability
distribution obtained through Bayesian calibration.
The method of data-driven model building using GP

stochastic functions to represent uncertain functionalities in
continuum model forms is a recent development in the field of
Bayesian calibration.49−52 The application to phase-field
modeling is a novel aspect of the current work. Phase-field
modeling is an excellent candidate for a data-driven approach,
as it is a physical, continuum-scale approach that requires
thermodynamic functional forms that are known only
approximately. The “stochastic phase-field” method reported
here can obtain continuum functional forms from experimental
or first-principles theoretical (quantum and atomistic) data
sets.
Properties of the Model Specified by the Data.

Performance Against Poisson−Boltzmann Model Forms.
Figures 1 and 2 show that the Poisson−Cahn model clearly
outperforms the Gouy−Chapman baseline. The posterior odds
that model 22 is the model that produced the data versus the
baseline (model 0) are 10217-to-1. The enormity of this
number is due to the fact that this is a ratio of probability
densities on a high-dimensional data space, but in any event,
this is high enough to establish the statistical significance of the
conclusion that the model with gradient energy terms far
outperforms the Gouy−Chapman model for this microscopic
data set. Note also that all models with local interaction terms
but no gradient terms (models 1−9) perform significantly
worse against the data set than the models with gradient terms,
showing that an inhomogeneous thermodynamic approach is
required to successfully model the data.
Correspondence to Data. The correspondence of the

selected model to the data is excellent for the two higher
concentrations, while the 2% concentration displays some
residual model error. It is possible that this could be resolved
by the introduction of a bound electron, such as Ce3+. Such a
species would exist only in very low bulk concentrations for the
experimental conditions studied, but those concentrations
would increase in the vicinity of the interface and would be
highest for the lowest dopant concentrations. Impurities, which
have recently been found in significant concentrations at grain
boundaries in doped ceria53could also potentially explain the
residual error. The influence of Ce3+ and potentially impurities
on space-charge zones in acceptor-doped ceria electrolytes will
be explored in future studies.
Co-accumulation. The space-charge region in many

oxygen-conducting ceramics forms when oxygen vacancies
segregate to the grain boundary core. In dilute systems, this
results in a depletion of oxygen vacancies (and corresponding
enrichment of oppositely charged species) in the space-charge
region due to long-range electrostatic forces.7,8,10 The observed
co-accumulation of oppositely charged defects at grain
boundaries in neodymium-doped ceria via atom probe
tomography25 was thus a striking addendum to the growing
body of experiments showing that space-charge layers in
ceramics are not governed solely by long-range electrostatic
forces and Boltzmann statistics. (Co-accumulation in doped
ceria had been previously predicted in atomistic simulations.26)
Figure 3 shows that the extent of the co-accumulation region
shrinks as the bulk dopant concentration decreases, suggesting
that the expected depletion zone for vacancies will appear at
dilute concentrations, as has been shown for applications of the
Poisson−Cahn framework in other systems.9 We emphasize

that co-accumulation is only possible in a continuum theory
that includes gradient effects or other inhomogeneous
thermodynamics.
The predicted concentration of oxygen vacancies in the core

reaches nearly 40%, which is a high concentration
considerably higher than that measured by Diercks et al. for
the neodymium-doped system.25 However, this concentration
is only reached at the grain boundary core and is close to the
measured calcium concentrations there. Atomistic simulations
show comparably high oxygen vacancy concentrations at
surfaces in both gadolinium-doped ceria and yttria-stabilized
zirconia, with no change in the crystal structure.26 This
suggests that high vacancy concentrations at or near grain
boundary cores are feasible at least in principle.

Parameter Estimates. The estimated values appearing in
Table 2 fall generally in the range of calculated values
appearing in the literature for interaction energies in acceptor-
doped ceria.54−57 Calculations of gradient energy coefficients
exist in the literature only for metals as far as the authors are
aware.58−63,a

Gradient energy coefficients are theoretically well defined;
however, it is difficult to calculate them directly. Precise
expressions relating interatomic potentials and gradient energy
coefficients have been derived for an Ising lattice65 and other
estimates of gradient energy coefficients have been provided
through comparison of the continuum model form with
atomistic simulations62,63 and in at least one case through an
approximate closed-form analysis.59 If excess entropy is
ignored, “regular solution” estimates of the coefficients
which are independent of the solute concentrationare
available using straightforward lattice summations.35,60 How-
ever, these estimates are only valid in relatively dilute cases; as
solute concentrations and interaction energies increase,
rigorously estimated gradient energy coefficients may vary
strongly with concentration.62

■ CONCLUSIONS
This work reports a data-driven model-building methodology
for the phase-field models of the Cahn−Hilliard type
appropriate for charged surfaces and interfaces. The new
model replicates defect concentration profiles near grain
boundaries in calcium-doped ceria as measured by STEM−
EELS. It is the only existing continuum theory shown to
quantitatively replicate microscopic data for defect concen-
trations near grain boundaries in solid electrolytes. It is also the
only existing continuum theory to show coaccumulation of
oxygen vacancies and dopant cations at grain boundaries in
acceptor-doped ceria. The inhomogeneous, excess free energy
function at the interface was estimated from the data.
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■ ADDITIONAL NOTE
aThe boundary condition (4) in the supplement contains the
product no fo, where fo is the segregation energy of oxygen
vacancies to the core. Since only one of these parameters is
estimable, fo was fixed at a value of −2 eV.64
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Euler-Lagrange Equations

Variational analysis of the functional (1) in the main text combined with equations (4) and

(5) yields the Euler-Lagrange equations (assuming a one-dimensional domain with the grain

boundary core at x = 0):

2nosFϕ+ nosRT log
v

1− v
+
∑
i

βviφ
′
i(v)− 2β0

v′i

d2v

dx2
+
∑
i

βv′iφ
′
i(v)(

dv

dx
)2

−
∑
i

βv′iφ
′
i(v)2

dv

dx
−
∑
i

βv′iφi(v)2
d2v

dx2
+
∑
i

βvyiφ
′
i(v)φi(y)

+ λv = 0

(1)

−2ncsFϕ+ ncsRT log
y

1− y
+
∑
i

βyiφ
′
i(y)− 2β0

y′i

d2y

dx2
+
∑
i

βy′iφ
′
i(y)(

dy

dx
)2

−
∑
i

βy′iφ
′
i(y)2

dy

dx
−
∑
i

βy′iφi(y)2
d2y

dx2
+
∑
i

βvyiφ
′
i(y)φi(v)

+ λy = 0

(2)

εrε0
d2ϕ

dx2
+ F (2nosv − 2ncsy) = 0 (3)

Natural boundary conditions at the grain boundary core assume a simple, linear segregation

energy for oxygen vacancies (fo) relative to the bulk, and no segregation of dopants:

2β0
v′i

dv

dx

∣∣∣
x=0

+
∑
i

βv′iφi(v)2
dv

dx

∣∣∣
x=0

= nofo (4)

2β0
y′i

dy

dx

∣∣∣
x=0

+
∑
i

βy′iφi(y)2
dy

dx

∣∣∣
x=0

= 0 (5)

dϕ

dx

∣∣∣
0
= 0 (6)

where no is the site density for oxygen in the core.

The equations were discretized using adaptive finite elements with linear basis functions,

and the resulting system of algebraic equations were solved using Newton’s method. The
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solver was implemented in MATLAB.

Data-Driven Model Building

A series of models pertaining to the model form (6)-(11) in the main text arise from a steady

increase in the number of basis functions used in the expansion (3). The basis functions

are orthogonal, spectral, nonparametric and ordered: higher order functions have increased

frequency and decreased amplitude.1,2 The baseline model is representative of the traditional

Gouy-Chapman case, where no defect interaction or gradient energy terms are considered.

(Site exclusion is included.) With later model versions, defect interactions and gradient

energy terms are systematically built into the model structure, as shown in Table 1.

Using the experimentally-derived Ca profiles near GBs in 2, 5 and 10% Ca-doped CeO2,

Bayesian calibration is employed in order to identify parameter posterior distributions for

each model. A Bayesian approach to parameter estimation treats parameters as random

variables, quantified in terms of a joint probability distribution on the multi-dimensional

parameter space. Prior probability distributions for the parameters are updated with the

data via Bayes’ theorem, to yield the posterior distribution for the parameters in light of the

data:

P(θ|Z) = π(θ)L(Z|θ)∫
θ′
π(θ′)L(Z|θ′)

(7)

Here Z is the vector of experimental data, θ is the parameter vector, P(θ|Z) is the posterior

distribution, π(θ) is the prior distribution, and L(Z|θ) is the likelihood, which includes both

the physical model and a model for the observation error of the experiment. The denominator

on the right-hand side is the integrated probability of observing Z over the entire parameter

space, or the evidence for the associated model, which is used in the calculation of Bayes

factors (discussed below).

Because the denominator on the right-hand side of (7) is not analytical, the posterior dis-

tribution P must be obtained numerically. A commonly-used tool is the Markov chain Monte

S3



Carlo (MCMC) sampler.3,4 MCMC samplers simulate a sample from the target distribution

(in this case, P) by walking through the parameter space, proposing a new sample point in

proximity to the most recently recorded point, and accepting or rejecting the proposal based

on a comparison of the numerator of (7) evaluated at the proposal to the same product

evaluated at the most recently recorded point. The procedure is guaranteed to converge

to the target distribution in the limit of infinite sampling time; in practice (of course) the

procedure must be truncated at some point. Sampling efficiency and convergence criteria

(unlike the case of the infinite sample, convergence to the target of a truncated routine can

never be absolutely guaranteed) are thus critical aspects of MCMC samplers. The sampler

employed in this study was the adaptive proposal type, meaning that the proposal changes

as the routine moves forward in order to obtain greater sampling efficiency. The covariance

matrix was the ‘moving window’type was updated every 2000 MCMC steps. An adjustable

multiplier is used with the covariance matrix to deal with out-of-bounds proposals and to

achieve a reasonable acceptance rate. The MCMC process continues until the criteria for

posterior distribution convergence is satisfied. A Student’s T-test on batch means with a

95% confidence interval is used to test the convergence: the convergence target of ±5% or

less of the sampled mean for each estimated parameter was met for all calibrations.

Model Comparison Using Bayes Factors

Bayes factors constitute a method of hypothesis testing via a ratio of the evidences of two

competing models:

B12 =

∫
L1(Z|θ1)π1(θ1)dθ1∫
L2(Z|θ2)π2(θ2)dθ2

(8)

The Bayes factor is a metric that is easy to interpret for data-driven model building, as

the evidence for a given model can be viewed as a probability that the model produced the

calibration data. Used as a model fitness criterion, it naturally strikes a balance between

fidelity to the data and overfitting.
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Calculating the evidence (and thus the Bayes factor) is a difficult undertaking, especially

for high-dimensional models. A first-order estimate may be obtained through the Laplace

method, which fits a Gaussian distribution to the posterior sample obtained by the MCMC

routine and takes the mode of that distribution as an estimate of the posterior density at

that point – equation (7) then enables an estimate of the evidence.5 A related and possibly

more accurate method uses kernel smoothing to fit a density to the entire posterior sample,

yielding an estimate for the density at every sampled point. We used the kernel density

estimation routine ’akde’, which uses a diffusion model to select the optimal bandwidth.6

This yielded a set of estimates for the evidence, from which a mean value was extracted.

Bounding procedures such as those discussed in Ref. 5 were explored; it was found that they

did not appreciably change the estimates obtained when including every point in the sample.

Electron Energy Loss Spectroscopy

Calcium concentration profiles near grain boundaries in CaxCe1−xO2−x measured using

electron energy-loss spectroscopy (EELS) for three different nominal concentrations with

x = 0.02, 0.05, 0.17 were utilized for model building and validation. In later context, the pro-

files pertain to three different concentrations denoted CCO2, CCO5 and CCO10, respectively.

For computational use, profiles around the two sides of the GB are treated as two separate

datasets. EELS data were acquired using a JEOL ARM 200F aberration-corrected scanning

transmission electron microscope (STEM) equipped with a Gatan Enfina spectrometer; full

experimental details are published in Ref. 7.
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